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4. For the second species and ascending scale of moduli we assume the 
fundamental form : 

J^iy-c'sinV] =p o aJ( f )d f =aEl(^j. (21) 

From (11) follows: 

, a sin 2<p' 

tan <p = i^r— -.; 

c + a cos A<p' 

a sin 2<p' 

. • . sin <p = '- 



1 /[c 2 +2accos2p / +a 2 ] 
__ a sin f' cos <p' 
~ V\_a' 2 — c' 2 siny] 



consequently regarding (12) 



_ a sin <p' co s / 
° J(0 = ^7)V( a ' 2 - c ' 2sin V-- c2sin V'oosV') 

= ^W) (*'- csin v) 



L ^ ;T oW)J «'^V 



{f') J a'A\<p>) 
= a^ W+ ^-o 2 )J^ )+U a^fJ^ (24) 
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Differentiating (22) we have 



a<p cos f = ~-^~j \_ a '\ l — 2sinV')+c /2 sinV J 
a n A'{<p'f L c' 2 ~ r c' 2 J 

=^7[ a/4 ^') 4 -^ aW ) 2 ]' (25) 

Adding this to (24) and integrating we obtain 

At the next higher step in the scale of moduli we have 
Finally when 



o<"> = c w = |j|ja J o|* 



we have 



2V n) ^„ (1) = 2"a' , sinp ( " ) . (26") 

Adding (26), (26'), (26 w ) we have regarding (13) 

aE? (-) = 2V ) sin cp^+I^L 2 ^^ 1 ^— c<r) )]--~4) lo g Un Ki^+f <B) ) 
o \<x/ & 

— 2V 1 [ 2r ° (r)sin ? (r) ]- ( 27 ) 
This is the length of an arc of an ellipse the equation of which is 

a 2 ■ y % _ i 



a' a" 



between x = and a; = a sin ^. 

5. For the second species and descending scale we take the form : 

/^[aWp+fiWnV] =/*<*%)# = a^ (l-g). (28) 

Consistent with (15) we have also 

sin {2f — <p L ) = a sin <p x = cos ^ j (sin 2^ — tan <p j cos 2^) ; (29) 

for if we add and then subtract the identity 

sin <p x = sin <p x 
and divide the difference by the sum (15) results. 
Solving for cos 2<p we have 
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cos 2cp = j-sin 2 <p 1 ±cos (p 1 A x (<p t ) (30) 

If ^lifx) = V \ 1 — [1 — (^ > i~ ; " a i)] s i n Vi J* * s always taken of the same 
sign as cos^ = |/[1 — sin^i] only the upper sign can be used; for if 
6 = Owe must have 

cos 2<p = — sin 2 ^! +cosYi = cos 2^ or <p = «p t . 

We have then sin 2 y>=§J l+ q ~~ sin'y 1 — cosf 1 J 1 (f 1 ) (31) 

and a?A{(pf = a 2 — (a 2 — b 2 ) s,in 2 <p 

= a 2 — J(a — b)[a+b-\-(a — 6)sinYi — 2a 1 cos<p l d 1 (tp 1 j] 
= 2af J 1 (^> 1 ) 2 — a6+(a— 6)a 1 cos^ 1 J 1 (^ 1 ), (32) 

consequently regarding (16) 

= ai^i{fi)d<p x —k h l ^~^h~\ +ii a — b ) d 9i cos ?i- ( 33 ) 
Integrating we have 
fla4<p)d? = fy i M?)d<p-hMfl 1 ^ (f) +h(a-b)sin 9L , (34) 

+ J(a — 6)sin <p j . (35) 
Similarly we have 

•>*MW}—>M{>-$}-n-kW{>-$} 

+ K a l— 6 l) Sm f 2> ( 35 l) 

a B ^ n J( 1— — I}= «„^ B (0)=anf„, where a B =&„=j|(a+&W(35 B ) 

Adding (35), (35^, . . . (35„) we obtain regarding (19) 
Jlf , 6 2 1 _ h m <p»] hi bl_ x b\\ 

+|(a— 6)sin tp x +l{a 1 — bjsin <p 2 + ... H a «~i— &»-i)sin <p v 

=46^.-^-^-1 1 _AL_ | +J 2' 1 [(a r _ 1 -6 r _ 1 ) S in f J. (38) 

If ^=|jrthen 9» 1 =Jr; f 2 =27r,..y> B =2 n-1 7rand sin^^sin^— ..sinyv^O, 

hence o^ { 1— j£ } - 2-»6*r— ^T 1 P^ a 6, a ]. (36') 
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Formula (34) might have been also derived from (26) by regarding the 
following relations, which exist between the quantities with primes and 
those with subscripts if each series is continued in both directions. We have 
then the amplitudes 

f (n) = f- n ; ...f' = <p- 1 ;? = <p;<p l = <p 1 ;<p ll = f i ;... p w = <p n ; (37) 
also the moduli 

e (n> -/i_M.U. c ' - <fl- 5 M*- c --{l- b2 \i- 

t=( 1 -*i } i --^={ 1 -|}*^ 38 > 

whence 

...4„(p) = 4(p). (39) 

By (12) we have 

p<"> <fy> _ p<"-i> cfy> p' cfy> _ p _d£_ 

J oW^J "~ J o a ( "- 1) # n - 1) (p) J oM'fo) J a~J(^) 

= f+/_#l = . . . f+ w _#_ (40) 
J 0,4(0) J o a { „)4»#) 

while by (16) we have 

J 2-a_J_(j*) Jo 2-"+ia_ n+1 J_ B+1 (0) ""Jo 2" 1 a_ 1 J_ 1 (0) 

P#. = pi # _ p w <¥ / 4n 

Joa# J o 2^ 4(0) "V 2X4W 
We have then regarding (37) and (39) 

a (n) = 2 -"a_ n ; a (n - 1> =2- n+1 a_ B+1 ;...a'=2-ia_ 1 ; a=a;a / = 2a 1 ; 

. . . a (n) = 2X (42) 
These relations enable us to derive (34) from (26) and vice versa. 
We have by (26) for the next lower step in the modular scale 

. • . f\j (0)# = ifl^m-iw-onfl^+icM <Pr 

But 0, = t ; a, = 2a, ;4(0) = 4(0); af-cf = 46? ; o / = 2i/(oj-ftf) 

= a -b and f-f-, = f 1 ^ „ by (41), 

J oJ(0) J 2a 1 J 1 (0) ' v " 

. • . fiaWW = /> 1 ^(^-i^/I 1 a7^1 + * (a " 6)Sin '*' 
which is (34). 

[*For want of sorts, i/< is here, and thrughout the rest of this article, used for f — Comp.] 
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These relations are also very useful for the inverse problem of determin- 
ing the amplitude to a given integral. It is not my purpose however to 
show this now. 

6. For the third species and ascending scale we lake the fundamental 
form: 

P d A = C* ** = Ln f ( c - r -\. (43) 

J 0( i )+rsinVV[« 2 — c 2 sinV] J QaP(<p)/\{<p) ap 0\a' p) K ' 

We have, substituting (22) 

1 _ gP-crhhY 

P(t[>) a' 2 p-\-a(ar — cp)sin 2 ^' — aVsin 4 ^' v 

Assume 
a' i p 2 -\-aa' 2 p{ar-ep)&m 2 <p'-a 2 a' 2 pr siny = («' 2 p + am'sm 2 <p')(d 2 p -f- am^sin 2 <p') 
whence m'-\-m> = ar — cp; m'm> = — a' 2 pr (45) 

and m!—m> = y'{(p+r)(ar i +op 2 )']. (46) 

Now let 

1 ac • £ ,, 
p a' 2 p r 11 



\ a n p I \ a n p I 

= Ij+^V-^sinY + fl+^siny)(l+4siny)- 
p' p" p'p s \ p' I \ p s T I 

By comparison and regarding (45) we have 

, am'p' p' . awiV p x ,.„. 

r = f - = —£-ar; r x = f =—*L_ a r. (47) 

a'y mr a n p m' 

11,1 m! . m y , ao s 

- = —+—; — = —-\ — - (48) 

p p' p^ jo 1 p' 

i , ml — m y . m' — m r . nx 

whence p'= — — »: » r = p. (49) 

Thus p' , p y and r', r y are known, and placing P'{<p) = p' -f- r'sin 2 ^; J*X^) 
= p 1 -f-r v sin 2 ^ we have regarding (12) or (41) 

r r dip 
J o a P((p)/M<p) ~ , r r d<p K ° v > 

^J a'P\<P)/\'(</>) 
At the next higher step in the modular scale we have besides (11') the 
formulae 

m"-f m' v = a'r'—c'p', m"+m" — a'r y —c'p\ (45') 

m"-m" =v / [(p / +r')(a / V'+c' 2 p')], m, n -m^= v / {(p^-\-r"){a' 2 r x -^c'Y)'\, ( 46 ') 

» to" — m n ,, „ jrf'j—m^ , „ m v — m" , „ _m v — m >v , 

P m" + c'p' P ' ? — m'M^y P P ~m" + e'p" P ' P ~~m"+c'p' P 

. . . (49') 
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n" n'^ <n v m" 

r" = ~£_oV; r" = -^aV r" = — ^,aV ; r" = — £-,,aV; (47) 

and if P"(^)--=p"+^"sin^; P'X^) = j> M +/ v sin¥; P v {<p) = p v +r v 'sinV; 
P"(ip) = p" -{-r^sivPip we have 

p" # 

J a"P"(^)A"(^) 
p / __f¥__ , p"___#_ 

P # = ^Oa'P-^)A'(^) _ + *^0 a'P'\<p)&'{<p) . . 
J OaP(^)A(^) , p'____#_ , p" # l J 

J a'P\<p)AW J a"P"(^) A"(^) 



+ 



p" 

J a'P" 



dip 



'WA'W 
Pursuing the ascending scale of moduli until a <n) =c ( ' ,) = 2l a y c ) | an ^ 

consequently A (n> (^) — cos 'Py we have finally 2" integrals of the form : 

p<" > ^ r<"> p ^ttycos^ 1_ _ p ( "> # 

J a C)p(»)(^)cos^ a<»>(p<»>+r< n >)J o P (n \ip) + a (n) (p (n) +r (n y cos^ 

= gW(P 4^v^ fr"" 1 {V(^S) sin ^ n> } 

+^ p l^)) lo g tan ^+« (51) 

These reductions are very troublesome if p, p v , . . . r', r x , . . . . are complex 
quantities. In this case and if a problem leads to the form 

J Y> aA{<!>) 
(f denoting a rational function of sinY) which might be expressed by 
means of some of the three species of elliptic functions and elementary forms, 
it is perhaps better to express f(sin 2 ip) successively in terms of sin 2 ^', shrY" 
. . . sin 2 ^ (n) so that if/'(sin 2 ^),/"sinY), ... are the resulting forms we have 

P/(sinV)-^= P>(sin ¥ }-^ = r>(sin¥)-^r,V- 
Jo v ' aA(<p) J a J y y VA((5) J J K YJ a A {(f) 

- PVfeW) # - -i- P in *&*)-^- . (52) 

- J Q / (sin <P) aln>oog a (», J /l^ ! _ a;2 ^ 

7. For the third species and descending scale we take the form : 

p <fy< p dip 

J 0(p cos 2 ^ 4- q sm 2 ip) ^/{a 2 ix>s 2 ip + 6 2 sin 2 ^] J OaP{</>) A (<p) 

Substituting (31) we have regarding (16) or (41) 

dip __ 1 #i 

^^"^ " P+K^p+g^inV^cos 9l A x (^)] 2ai A ^ } 



—103— 



#i 



_P+i(?-p)[_l+| T |sinV 1 +cosV 1 A 1 (^)] 

_ a 2 <f—by 1 __#i_ 

4(o 8 g-6 a p)p gC0B¥i + /«g+^y sin2 ^'OiAi^i) 

a 2 — b 2 d^> 1 q — p d^> 1 coB^> 1 ._.> 



Let m, = f=^, (55) 

a 2 q — b 2 p v ' 

V, = i ; P, (56) 

_ («g+6p) 2 ,_~ 

?1 ~ 4a? m x * (57) 

We have then if P^x) = p 1 cos 2 </' 1 +q 1 am 2 <p 1 

P <¥ -iJ f*i_ #__ a 2 — 6 2 pi #_ 

J 0aP(^)A(f)" * I •* a^P'M&^y a?q-b 2 pJ o a^j^ 

_i_? — P C't'id</>cos<p \ _ 
a 1 m 1 -' o Px(^) / ' 
or if we put ^ — p = r; g^ — p t = r x (58) 

, o 2 o — 6 2 p , a 2 — 6 2 (a — b)r , 

we have r, = -ji- — ^r; hence — , .-=- = ^ '- and 

4afm 1 arq—trp 2a 1 m 1 r 1 

p # =1 f p,___d^_ (a- 6)r p. rij ft 

r pi#cos<M ,__. 
For the next lower step in the modular scale we have 

i p. # _i J p» # , K- 6iK p a # 

4-J o ^Px^jAiW 4» I J a 2 P 2 (^)A 2 (^) + 2a 2 m 2 r 2 J o a 2 A,( 



" 2 i 

where we have besides (17) 



2 " «?*-*£? (55l) 

Pa = ^Pi, (56,) 
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x 



Descending the modular scale until a n = 6„ = || f (a £ 6)* j| we have 
finally 

1 P"_^_= 1 tan" 1 { J[4)ta 0.1. (59„) 

Adding (59), (59!),... (59 B ) we obtain 

J 0aP(^)A(^)~4Xl/(p„9») I V pj ten «*» | + i 1 2«-«w. 

. p. # 1 f f r^ t p #cos^ 1 . 

J a 5 A s (^) / t 1 l 2»'a^J PJtf) / " ^ 

f & # = J^L_ /fill 

and f^g^ = 1 tan" 1 { (^) W 1, (62) 

J o P#) i/(p.n,) WvJ ) 

consequently 

f* # _ tan" 1 [ \> (g B -T-p„) tan ^„] J ( (a,^— 6,_ 1 )r_ 1 1 ^ 

J aP{<p){\{4>) ~ " 22»a B i/(p„2„) i I 2-+"-i«w. / « n 

+^PW^) ta " , [^) i ™^]}-< e3 ) 

It is hardly necessary to state that if p, has the opposite sign to q s or r S) 
the tan -1 must be replaced by logarithms. 

If (p = -|7r then ^ x = ?r; ^ 2 = 2n; . . . <p n = 2 n ^ x Tt; hence 

f f # = !L_ + i J K-i— ^-iK-i 1 *_ (Rft 

J aPW)h(<P) 2^a nX /(p nq y i\ 2°+*a s m s r s f a n ' K V 

for 



' «*A S (? ) _ 2"- s a„ 



p #cosj£ = ( , f« d0COS<{> 



because the elements of this integral from to far are equal and opposite in 
sign to those from £jt to n. 

Equation (59) could be inverted by means of the relations (38), . . . (42). 
I have not yet succeeded however in reducing the relation between the p, 
q and r to a convenient form. The reduction by ascending the modular 
scale as made under No. 6 seems to be preferable. 



